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INTRODUCTION 
We analyze the C’ conjugation problem for c’ contractions (2 < r < co) 
f and g, of the interval [0, a], which have the same contact order s 
(1 <s < I) as the identity at the origin (definitions in Section 1). In 
Theorem 1.1, we prove that for each pair of points z, w  in (0, a], there 
exists one and only one C’ conjugation mapping z to w. Such a con- 
jugation will be a diffeomorphism from which we make explicit its 
derivative at the origin. We also prove (Theorem 1.2) that, for a fixed. con- 
tact order, this conjugation (as a C’ diffeomorphism) depends continuously 
on f and g. 
The C’ conjugation problem for local hyperbolic contractions of the real 
line was studied by Sternberg [4]. Afterwards, Takens [6] considered the 
case of C” contractions not infinitely tangent to the identity at the origin. 
He obtained a normal form by using C” conjugations. When I was writing 
this paper for publication, I was informed that related topics were also 
studied by Yoccoz [7, Chaps. V and VI]. He analyzes the differentiability 
of vector fields associated with local diffeomorphisms on the real line and 
the continuous variation of such vector fields with respect to these dif- 
feomorphisms. He also proves Mather’s result [7, Chap. VI, pp. 10-l l] 
about C’ conjugation for orientation preserving diffeomorphisms of [O, 11. 
Here, the technique used is similar to that utilized by Sternberg [4] and 
Kopell [3, pp. 168-1701. We will look for the conjugations in the following 
way: if f, g are C’ contractions of [O, a) and h is a C’ diffeomorphism 
satisfying hf = gh, then, by iteration and derivation of this equation, we 
obtain h’(x) = h’(0) lim, (f”)‘(x)/( g”)‘(h(x)) and consequently we arrive at 
a differential equation of type y’= IA(x, y), where I >O and 
,4(x, y) = lim,(f”)‘(x)/(g”)‘(y). In Section 3 we prove that the C’ con- 
jugations are the solutions of the differential equation 
y’ = [j-c”+ ‘)(0)/g (s+ “(O)]““A(X, y). 
1 0022-0396/88 53.00 
~,,~~+&,t 0 1988 by Academic Pm% h. 
~11 fights of reproduction m any fom~ mewed. 
2 S. FIRM0 
According to this point of view, the critical step is to establish the technical 
lemmas (Sections 2,4) in order to guarantee the existence of ,4(x, y) as a 
c’- i function, varying continuously in f and g. 
This -work is part of my thesis Cl], defended at the Pontifical Catholic 
University of Rio de Janeiro in October 1984, where I utilized the techni- 
ques described above to study a particular type of bifurcation of foliations 
PI. 
It is a pleasure to thank my adviser P. Schweitzer for his suggestions and 
encouragement. 
1. DEFINITIONS AND RESULTS 
By a contraction of [0, a] we mean any local C’ diffeomorphism 
S: [O, a] + 173 fixing the origin, such that 0 <f(x) <x for any x E (0, a]. A 
contraction f of class c’ has contact order s (0 <s < r) with the identity at 
the origin if #(f) = $I( id) and $ + l)(f) #jg + “(id). Here $)(f) denotes 
the s-jet off at 0 E IX, while f (‘) will denote the sth derivative of J: For 
0 <s< r < 00, we shall denote C;( [O, a]) the set of C’ contractions of 
[0, a] that have contact order s with the identity at the origin. This set will 
be endowed with the uniform c’ topology which, in the case of finite r, will 
be induced by the distance function 
d(f, g)= sup {If'~'(x)-g"'(x)l;O~~~~} for f, ge C:(CO, aI). 
XE co, al 
A conjugation for the contractions f, g: [0, a] + [w is a homeomorphism 
h, defined in a neighborhood of 0 E [0, a] satisfying /zf = gh. 
THEOREM 1.1. Given f,g~C:([O,u]) where l<s<r<cc and gioen 
z, WE (0, a], there exists a C’ diffeomorphism h: [0, z] + [0, w] such that 
(i) h(z) = w, 
(ii) hf= gh. 
Moreover, h is unique, h is c’ on (0, z], and h’(O)= 
[f'"' yo)/g(s+ "(O)]"". 
THEOREM 1.2. The dlyfeomorphism h given in the previous theorem 
depends, us a C’ function, continuously onf, g, z, and w. 
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2. NOTATIONS AND TECHNICAL RESULTS 
In this section we present, without proofs, the technical results necessary 
for the demonstration of Theorems 1.1 and 1.2. The proofs of these 
technical results will be given in Section 4. 
For convenience, henceforth we assume 
- s, r are jlxed integers, satisfying 1 <s < r < co, 
- f, x g, 2 denote elements in C:( [O, a]), 
_ j-o+ 1) , g’“+ ‘) are negative on [O, a]. (We may assume this without 
loss of generality.) 
Moreover, when there would not be danger of ambiguity, we shall write 
x,, R,, y,, y,, instead off”(x), f”(Z), g”(y), g”(J), respectively. 
After these conventions, we define 
k&, Y;n)=(f”+‘)‘(x)/(g”+‘)‘(y), 
4~& r;n)=(f”(x)-f”+‘(x))/(g”(y)- g”+‘(y)), 
where x, y E (0, a] and n E N. The functions defined above will be viewed as 
functions of the variables S, g, x, and y. To simplify the notation, we shall 
frequently omit the variables f and g in writing A(x, y; n), B(x, y; n) and 
a(% j; n), Bi(x, J; n) instead of AcAgj(x, y; n), B,,-,,,(x, y; n) and 
A,f, s,(Z, j? n), B,J, &R, J; n), respectively. 
LEMMA 2.1. Given S, g and x, y E (0, a] and E > 0, there exist NE N and 
6 > 0 such that 
for all n 2 N and f: g,1, j whose distance to f, g, x, y is less than 6, respec- 
tively. 
This lemma allows us to demonstrate the formula for h’(0) given in 
Theorem 1.1. For this, let h be a C’ conjugation satisfying hf = gh. Thus 
h(x,) = g”(h(x)) and we have h’(0) = lim, g”(h(x))/x,. Now the formula for 
h’(0) is an immediate consequence of Lemma 2.1(i). 
From the preceding lemma we can also obtain the following corollary. 
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COROLLARY. Let F, G be c’ contractions (1 < r < a) of [0, a] and h a 
C’ dtffeomorphism which conjugates them. Then 
(i) either F and G have the same contact order with the identity at the 
origin or 
(ii) j&“)(F) = jf)(id) = jr)(G). 
Proof. We shall prove (i) by supposing that (ii) fails. Thus, we assume 
without loss of generality that G has contact order v (0 <v < r), 
j6y+ l)(F) = j&“+ ‘)(id) and that hF= Gh. We shall show that h’(O) = 0, which 
is a contradiction. 
The case v = 0 is trivial. Hence, we also assume that 1 < v < r. 
Using the uniform c’ topology on the space of c’ contractions, one 
takes a small perturbation P of F, in such a way that F has contact order v 
with the identity at the origin, and consequently we obtain P< F in a 
neighborhood of 0 E [0, a]. From Lemma 2.1(i) we obtain 
Now it is simple to conclude that h’(0) = 0. 1 
PROPOSITION 2.2. Given f, g and x, y E (0, a] and E > 0, there exist NE N 
and 6 > 0 such that IA”(a, 9; m) - A(x, y; n)l <&for n, m > N andforK g, 5, 
9 whose distance tof, g, x, y is less than 6, respectively. 
From this proposition it is easy to see that A, defined by 
AcL,,(x, ~)=lim~,~,,(x~ yin), 
n 
is a well-defined function, depending continuously on f, g, x, and y. It 
follows that the function A(,-,,, as a Co function of x and y, varies con- 
tinuously infand g on compact sets of (0, a] x (0, a]. Here we give the set 
of functions AtJ 9) the uniform Co topology on compact sets of 
(0, a] x (0, a]. Frequently, we shall write A(x, y) instead of A,&x, y). 
Applying successively the Mean Value Theorem to the expression 
y(x)-f”+‘(x) we obtain f”(x)-f”+‘(x)=f’([,)...f’(~i)[x--f(x)] 
where ciE[Xi,xi-i] and l<i<n. Since f’(xi-i)<f’(ci)<f’(xi), it 
follows from the equality above that 
f.‘(x)X”x~~+lg(f”t~)‘(x)~x~~~+~. 
I I 
(2.3) 
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Doing the same estimates for g and returning to the definition of A(x, y; n) 
and B(x, y; n), we conclude that for all n > 0 and x, y E (0, a] 
f ‘(xl 4x, y; n) 1 w, yin) w, y; 0) <‘4(x, y;n)6--- d(Y) m Yi 0)’ (2.4) 
From (2.4) and Lemma 2.l(ii) we see that ,4(x, y) is positive. 
With respect to the differentiability of A(f,g) we have the following 
proposition. 
PROPOSITION 2.5. The function AChgj is of class c’-’ and varies, as a 
C’- ’ function of x and y, continuously in f and g on compact sets of 
a al x (0, al. 
We observe that in Proposition 2.5 we utilize the uniform c’- ’ topology 
on the set of maps ACLgj. 
3. THE PROOFS OF THEOREMS 
A. Proof of Theorem 1.1 
Unicity. Since h: [0, z] + [0, w] is of class C’, by differentiating both 
sides of hf” = g”h and taking the limit, we get h’(x) = h’(0) A(x, h(x)). 
Using the formula for h’(O), obtained from Lemma 2.11 we conclude that h 
is a solution of the differential equation 
y’ = [f cs+ ‘)(0)/g (‘+ “(O)]““A(x, y); x, ye (0, a]. (3.1) 
In this way we obtain the unicity of h on the fundamental domain [f(z), z] 
and therefore on [0, z]. 
Existence. Now we shall show that the C’ conjugations for f and g are 
the solutions of (3.1). 
For this, we fix k E FV arbitrarily and we consider the one parameter 
family of differential equations y’ = 1A(x, y), where 1 E (0, co), 
XE [fk+‘(z), fk(z)], and yo [gk+‘(w), gk(w)]. Let Hk,l be the 
corresponding family of solutions satisfying Hk, I(f”(z)) = g”(w). Letting 1 
vary on (0, cc ) and observing that Hk, 1 depends continuously on 1, it is 
easy to conclude that there exists one and only one &E (0, co) such that 
Hk,i.k(fk+l(z))=gk+l(~). Henceforth we shall denote Hk,lk by Hk. 
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Now we shall show that 1, = 1, for all k E N. For this, we define 
Gk(fk(x)) = gk(H,,(X)) for XE [f(z), z] and we obtain 
Gdfk(4) = gk(w) and Gk(fk+‘(Z))= gk+‘(Wh 
=IoNfkbh gkWoG4N 
= AoA(fk(Xh Gk(fk(-d)). 
Consequently & = Lo and Gk = H,. Now, letting k vary in N and defining h 
by 
XC Cfk+‘(z),fk(41, 
x = 0, 
we conclude immediately that h: (0, z] + (0, w] is 
y’=1,A(x, y), (x, y)~ (0, z] x (0, w] and that hf = gh. 
a solution of 
About the differentiability of h in x=0 we must show that given E >O, 
there exists 6 > 0, such that Ih’(x) - A01 6 E for all x o (0,6). Since f is a con- 
traction, it is sufficient to show that h’(f”(x)) converges uniformly to Lo on 
[f(z), z]. For this we observe that h’(f “(x)) = 2,(,4(x, h(x))/A(x, h(x); 
n - 1)) and that ,4(x, y; n) converges uniformly to A(x, y), on compact sets 
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of (0, a] x (0, a]. By the same arguments used to prove the unicity, we 
easily conclude that the C’ conjugations for f and g are exactly the 
solutions of (3.1). 1 
B. Proof of Theorem 1.2. 
Since h is one solution of (3.1) andf, g are contractions, it is easy to see 
from Proposition 2.5 that h, as a Co conjugation, varies continuously in 
f, g, z, and w. It remains to show that the same is true for h’. By 
Proposition 2.5 and the fact that h’(0) varies continuously inf, g, z, and w, 
it suffices to show the following: given E > 0, there exist 6 > 0 and NE N 
such that I?i’(JL”(x)) - h’(f”(x))l GE for all n > N, XE [f’(z), z], and 
x g, 5, i+ whose distances tof, g, z, w  are less than 6, respectively. Here, h is 
the C’ conjugation defined by x 2, Z, d. 
In the inequality 
I~‘tf”(4) - h’(r”(x)l 6 I~‘tf”(x) - h’U’Yx))l + Ih’(f”b)) - Q?=‘YxNl 
we see that, in the right member, the second term can be made sufficiently 
small. In order to make the first term sufficiently small, it suffices to 
remember that 
and apply Proposition 2.2 for (x, y) varying in the compact 
Cf 2(z), zl x cs2ba WI. I 
4. PROOFS OF TECHNICAL RFSULTS 
First we observe that Lemma 2.l(ii) is a consequence of (i). To see this, 
it suffices to observe that 
B(1, y; n)= 2 (- y+‘e3G., (P”)S+’ 
Yfl (any+ ’ T, - b?jn) 
and that the last factor (by an argument using Taylor’s formula) converges 
to -(s + l)!/g(“+‘)(O) when (g, jj, n) + (g, y, cx)). 
On the other hand, we have 
2.n 3Yw(4 f.?“(Y) 
-=--7, 
Yn J”(x)g”(-YW(Y) 
where p(Z)/‘(x) converges to 1 when (x 2, n) + (f, x, co). Hence, to 
prove (i) we can restrict ourselves to the case x = 2 and y = y. 
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Proof of Lemma 2.1. The idea is to make estimates for f and 2 by using 
functions for which one knows how to calculate the required limits. With 
this in mind, we define T,(X) =x/Cl + asxs] where a E (0, co) and 
x E [0, co). By induction, one obtains c(x) = (l/a) q(ax) for all n E N and 
consequently 
On the other hand, since T,(x) < x, x E (0, co), and T, is a contraction in 
some neighborhood of 0 E [0, co), it follows that T;(Z)/T;( 9) + 1 when 
(2, jj, n) + (x, y, co). One may now conclude that c(x)&(y) converges 
uniformly to p/a on compact sets of R + x R +. 
Since T,(x) represents the geometric series of ratio -asxs having x as its 
first term, it follows that jf)(Tb) =jg)(id) and T:+‘)(O)= -(s+ l)! as. 
Thus, we can say: given k E (0, l), there exists 6(k) > 0 such that 
T~~l~(x)~~~Stl~(x)~T~~+‘~(~) and Tlsl:l)(y)~~(“+l)(y)~T~~+~)(y) 
(4.1) 
for all x, YE (0, 6(k)) and 1 2 whose distance to f, g is less than h(k), 
respectively, where (s+ l)!a”= If( and (s+ l)! p”= Ig(‘+‘)(0)1. 
From (4.1) we arrive immediately at the inequalities 
T$c(x) d”W 6 Cc(x) and 
Consequently, 
T&(x) <??x) ,< Cc(x) . - - 
T;,c( Y) iT”( Y) T”,,,(Y) 
(4.2) 
Now, we fix x’, y’ E (0, a]. 
Let E >O and consider kg (0, 1) such that (/3/a)(l/k2 - l), 
(/?/a)( 1 - k2) <s/2. After choosing k(6(k) becomes defined) we take NE N 
and 6r < 6(k) such that f”(x’), g”( y’) E (0, d(k)), for alI3 g whose distan- 
ces toS, g are less than 6,, respectively. It follows from (4.2) that we have, 
for all n E N, 
Taking a compact Kc (0, a] x (0, a] sufficiently large, we can assume that 
CONTRACTIONS AND CONJUGATIONS 9 
(y”(x’), ~“(JJ’))E K. Since the lateral members of the above inequality 
converge uniformly in K, we conclude that there exists ME f%! such that 
-,+B<~k2-E<f”+N(x’)<IS+E<~+e 
a ‘a 2’gn+N(y’)‘k2a 2‘a ’ 
for all n 2 M and 1 g whose distances to f, g are less than 6,) respec- 
tively. 1 
Proof of Proposition 2.2. We shall only prove that A”(Z-, j; n) - 
,4(x, y; m) < E. The other inequality follows in the same way. 
From the definition of ,4(x, y; n), it follows that A(x, y; n + N) = 
A(x, y; N- 1) A(fy(x), g”(y); n). By using (2.4) and rewriting the 
expression obtained in a convenient form, we arrive at 
A(& jj; n + N) - A(x, y; m + N) 
~A”(5&~;N-1)A”(K,,~,;n)-A(x,y;N-1)A(x,,y,;m) 
1 
&?(I, j; N- l)- 
B(Z, J; n + N) 
i’(FN) &I?, jj; N) 
-,4(x, y; N- l)f’(xN) ‘(;;f’;;,“) 
? 7 
=(A(i,l’:N-l)-A(x,~;N-l)}~~~~~:jn+Nr 
N > 7 
+x4(x, y; N- 1) 
1 &% 9; n + NJ -f,(XN) W;yym ;:‘}. 
g”(JN) &-, jj; N) 3 3 
From (2.4) and Lemma 2.l(ii) we can conclude that in the inequality 
above, the factors multiplying the expressions in brackets are uniformly 
bounded in some neighborhood of f, g, x, and y. Now, to finish the 
demonstration, we observe from Lemma 2.l(ii) and from the definition of 
A(x, y; N- 1) that such expressions can be made sufficiently small. 1 
To prove Proposition 2.5 we need the following lemma. 
LEMMA 4.3. Given f, 1 < p < r, x E (0, a], and E > 0 there exist NE b4 and 
6 > 0 such that 
for all 7, R whose distance to f, x is less than 6, respectively. 
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Proof: For p = 1, this lemma is an immediate consequence of the 
inequality C, > N(fn + I)‘( x < xN/(x - x,), which is obtained from (2.3). By ) 
derivation of (f”)‘(x) we arrive at 
(fn)” = i f”(fi(x)) i I 
i=oft(fi(x)) (f 1 (x)(f”)‘(x)’ (4.4) 
Now, the case p = 2 follows from (4.4) and from the case /A = 1. It is not dif- 
ficult to observe that the other cases (2 cp < r) are obtained from the 
preceding cases and by derivation of (4.4). 1 
Proof of Proposition 2.4. In Section 2 we have observed that A is a con- 
tinuous function. It remains to show that the partial derivatives of A (with 
respect to x and v) of order r - 1 exist and are continuous. We shall con- 
cern ourselves only with the derivatives with respect to x. It will be clear in 
the demonstration that we can obtain the existence and continuity of the 
other partial derivatives by using the same arguments and the symmetry of 
A with respect to the variables x and y. 
From the definition of A(x, y; n) it follows that 
n f”(fi(x)) i I -$(x, y;n)=A(x, yin) c 
i=. f’(fi(x)) (f ) (x)* (4.5) 
From Lemma 4.3 we conclude that CEO f”(xi)(fi)‘(x)/f’(xi) is well 
defined and varies continuously in f and x. Returning to (4.5) we obtain 
the existence and continuity of c?A/ax. The existence and continuity of the 
higher order derivatives with respect to x can be obtained by differentiating 
both sides of (4.5) with respect to x and once more applying Lemma 4.3. 
We can now conclude that A(,.,, is of class c’- ’ and depends con- 
tinuously on f and g on compacts of (0, a] x (0, a], when we consider the 
set of maps Ac,-gj with the uniform c’- ’ topology. 1 
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